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We introduce the formalism of quantum cosmology in a Friedmann-Lemaître-Robertson-Walker
(FLRW) universe of arbitrary dimension filled with a perfect fluid with p = αρ equation of state.
First we show that the Schutz formalism, developed in four dimensions, can be extended to a
n-dimensional universe. We compute the quantum representant of the scale factor a(t), in the
Many-Worlds, as well as, in the de Broglie-Bohm interpretation of quantum mechanics. We show
that the singularities, which are still present in the n-dimensional generalization of FLRW universe,
are excluded with the introduction of quantum theory. We quantize, via the de Broglie-Bohm
interpretation of quantum mechanics, the components of the Riemann curvature tensor in a tetrad
basis in a n-dimensional FLRW universe filled with radiation (p = 1
n−1ρ). We show that the
quantized version of the Ricci scalar are perfectly regular for all time t. We also study the behavior
of the energy density and pressure and show that the ratio 〈p〉L / 〈ρ〉L tends to the classical value
1/(n − 1) only for n = 4, showing that n = 4 is somewhat privileged among the other dimensions.
Besides that, as n→∞, 〈p〉L / 〈ρ〉L → 1.
PACS numbers: 04.50.-h, 04.60.-m, 98.80.Qc
I. INTRODUCTION
Recently there has been a current interest in the study of models that involve extra dimensions. The first works
on this subject date back to the 1920s with Kaluza and his assumption that spacetime is five-dimensional in order to
unify gravity with the electromagnetism. The inclusion of the electromagnetic potential within a geometrical picture
as components of the metric tensor along the fifth dimension, leads to the Einstein-Maxwell equations, which follows
from the vacuum Einstein equations in five dimensions. The nonobservability of the extra dimension was considered
by Klein, who showed that this would explained if the extra dimension is compatified, having a circular topology
and a small enough scale (of the order of the Planck length). This tiny radius of curvature implies that the extra
dimension would remain hidden to all low energy physics considerations [1]. Over the years, the Kaluza-Klein idea was
generalized to higher dimensions in order to unify non-Abelian gauge fields with gravity [2, 3] and now it is believed
that spacetime could have much more than four dimensions, such as in the 10-dimensional superstring [4] theory and
in the 11-dimensional supergravity [5].
One of the main problems with the 4-dimensional Friedmann-Lemaître-Robertson-Walker (FLRW) universe filled
with a perfect fluid is the presence of the big-bang singularity. Such a singularity is a scalar curvature singularity,
where every observer near the singularity sees physical quantities diverging [6, 7]. It was shown [8] that under very
reasonable assumption, singularities are always present in cosmology. Near the singularity, the laws of physics break-
down and we hope that a full quantum theory of gravity will overcome this situation. While such a theory does not
exist, there are many attempts to incorporate quantum mechanics into general relativity. One of the first attempts
to do this was quantum cosmology [9]. The introduction of quantum cosmology in the minisuperspace of FLRW
universe has been shown successfully in the sense that in the Many-Worlds and in the de Broglie-Bohm interpretation
of quantum mechanics, the singularity are removed [10–12].
In the n-dimensional FLRW universe, the big-bang singularity is still present. So in this paper we follow the idea
that our physical four-dimensional Universe is actually embedded in a higher-dimensional spacetime and generalize
the concept of quantum cosmology to a flat, homogeneous, and isotropic n-dimensional FLRW universe in order to
see if the singularities are excluded with the introduction of quantum mechanics. The generalization of classical
inflationary cosmological solutions for a n-dimensional FLRW universe has already been made [13] and it was shown
that the derived solutions possess properties similar to those ones of the corresponding solutions of the standard four-
dimensional FLRW cosmology. Here we show that, like in the 4-dimensional FLRW quantum cosmology, the singularity
in the n-dimensional universe is removed with the introduction of quantum cosmology and that the expectation value
of the scale factor in the Many-Worlds interpretation, and the trajectory of the scale factor in the de Broglie-Bohm
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2interpretation, tends to the classical behavior as t→∞. All of our results reduces to the well known results for n = 4.
We also study the local expectation value of the energy density and pressure of the fluid for a universe filled with
radiation and show that the ratio 〈p〉L / 〈ρ〉L tends to the classical limit as t→∞ only for the n = 4 case, fact that
single out four dimensions.
In this paper we proceed as follows: in Sec. II we generalize Schutz formalism [14, 15] to n-dimensional fluids
and solve the Einstein equations via Hamiltonian formalism to find the scale factor for the n-dimensional FLRW
universe filled with a perfect fluid with equation of state p = αρ. We compare this scale factor with the one found
via Einstein equations. In Sec. III we solve the Wheeler-deWitt equation of the universe, find the expectation value
and the trajectory of the scale factor and compare with the classical value. In Sec. IV we quantize the independent
components of the Riemann curvature tensor in a tetrad basis in a radiation-dominated universe and show that the
Ricci scalar is perfectly regular for all time t, illustrating the exclusion of the classical singularity with the introduction
of quantum theory. We also quantize the energy density and pressure of the fluid and study the behavior of the ratio
p/ρ with relation to time. Finally, in Sec. V, we discuss the main results presented in this work.
II. CLASSICAL FORMALISM
A. Einstein equations
Let us find the scale factor in the n-dimensional flat FLRW universe filled with a perfect fluid through the Einstein
equations. A flat n-dimensional FLRW universe has the metric
ds2 = −dt2 + a2(t)δijdxidxj (i, j = 1 . . . n− 1), (1)
where δij is the Kronecker delta symbol and xi are the comoving coordinates of the universe. In this coordinate set,
the n-velocity of the fluid which fills the universe is given by
Uµ = (1, 0, . . . , 0) , (2)
so that the energy momentum tensor
Tµν = (ρ+ p)UµUν + pgµν (3)
takes the form
Tµν = diag(ρ, a2p, . . . , a2p). (4)
The Einstein equations for an n-dimensional spacetime are given by [13]
Gαβ = Rαβ − 1
2
gαβR = κnTαβ , (5)
with κn representing the multidimensional gravitational constant. The independent Einstein equations are
G00 = κnT00 ⇒ (n− 1)(n− 2)
2
(
a˙
a
)2
= κnρ, (6a)
Gii = κnTii ⇒ − (n− 2)(n− 3)
2
a˙2 − (n− 2)a¨a = κna2p (i = 1, . . . , n− 1). (6b)
These are the Friedmann equations for a flat n-dimensional FLRW universe filled with a perfect fluid. Note that
there are only two independent equation due to isotropy and homogeneity. By introducing an equation of state for
the fluid p = αρ, we can replace Eq. (6a) into Eq. (6b) obtaining
1
2
[α(n− 1) + (n− 3)] a˙
a
+
a¨
a˙
= 0. (7)
The above equation can be integrated,
ln a
α(n−1)+(n−3)
2 a˙ = ln const. (8)
Therefore
a˙ ∝ a−α(n−1)+(n−3)2 ⇒ a ∝ t 2(n−1)(1+α) . (9)
This is the scale factor for a flat n-dimensional FLRW universe filled with a perfect fluid with equation of state
p = αρ. The big-bang singularity is present no matter what dimension we take. Note that for n = 4 and α = 1/3 (a
four-dimensional flat radiation-dominated universe) we have a ∝ t1/2, and for α = 0 (matter-dominated universe) we
have a ∝ t2/3 as required.
3B. Hamiltonian formalism
Now we will develop the Hamiltonian formalism for the n-dimensional FLRW universe filled with a perfect fluid
with equation of state p = αρ. We will generalize Schutz formalism [14, 15] to n-dimensions and check its validity by
calculating the scale factor via a variational principle and comparing with the scale factor calculated via Friedmann
equations in the previous subsection.
The action for general relativity is given by
SGR =
∫
M
dnx
√−gR+ 2
∫
∂M
dn−1x
√
hhabK
ab, (10)
where hab is the induced metric over the boundary ∂M of the four-dimensional manifoldM and Kab is the extrinsic
curvature of the hypersurface ∂M, that is, the curvature of ∂M with respect toM.
In a four-dimensional spacetime, Schutz showed that the four-velocity of a perfect fluid is expressed in terms of five
potentials [14]
Uν = µ
−1(φ,ν + αβ,ν + θS,ν), (11)
where µ is the specific enthalpy and S is the specific entropy. The potentials α and β are connected with rotation [14]
so they are not present in the FLRW universe due to its symmetry. The potentials φ and θ have no clear physical
meaning and the four-velocity satisfies the normalization condition
UνU
ν = −1. (12)
Schutz also showed that the action for the fluid is given by
Sf =
∫
M
d4x
√−gp, (13)
where p is the pressure of the fluid and is linked with the density by the equation of state p = αρ.
By thermodynamical considerations, Lapchinskii and Rubakov [16] found that the expression for the pressure is
given in terms of the potentials by
p =
α
(α+ 1)1/α+1
(φ˙+ θS˙)1/α+1 exp
(
−S
α
)
, (14)
so that the action for the four-dimensional flat FLRW universe with metric
ds2 = −N(t)2dt2 + a2(t)(dx2 + dy2 + dz2), (15)
where N(t) is the lapse function, is given by [10] (in units where 16piG = 1)
S =
∫
dt
[
−6 a˙
2a
N
+N−1/αa3
α
(α+ 1)1/α+1
(φ˙+ θS˙)1/α+1 exp
(
−S
α
)]
. (16)
In an n-dimensional spacetime, more potentials should be added in Eq. (11). We suppose that these new potentials,
just like α and β in Eq. (11), are related with generalized rotations and are absent of the n-dimensional FLRW universe.
Therefore the action for the flat n-dimensional FLRW universe filled with a perfect fluid with equation of state p = αρ
is given by
S =
∫
dtL =
∫
dt
[
−(n− 1)(n− 2) a˙
2an−3
N
+N−1/αan−1
α
(α+ 1)1/α+1
(φ˙+ θS˙)1/α+1 exp
(
−S
α
)]
. (17)
The momenta associated with a, φ and S are given by
pa =
∂L
∂a˙
= −2(n− 1)(n− 2) a˙a
n−3
N
, (18a)
pφ =
∂L
∂φ˙
= N−1/αan−1
(φ˙+ θS˙)1/α
(1 + α)1/α
e−S/α, (18b)
pS =
∂L
∂S˙
= θpφ. (18c)
4The Hamiltonian of the system is then given by
H = paa˙+ pφ(φ˙+ θS˙)− L = N
[
− p
2
a
4(n− 1)(n− 2)an−3 + a
(n−1)αeSpα+1φ
]
. (19)
After a canonical transformation of the form [10, 16]
T = −pSe−Sp−(α+1)φ , pT = pα+1φ , φ = φ− (α+ 1)
pS
pφ
, pφ = pφ, (20)
and, since the lapse function N plays the role of a Lagrange multiplier in the formalism, we have that the super-
Hamiltonian of the system reads
H = − p
2
a
4(n− 1)(n− 2)an−3 +
pT
a(n−1)α
≈ 0, (21)
where pT is a new canonical variable conjugated to dynamical degree of the fluid. Having the Hamiltonian of the
system we can extract the equations of motion. They are [17]
a˙ =
∂(NH)
∂pa
= − Npa
2(n− 1)(n− 2)an−3 , p˙a = −
∂(NH)
∂a
= − N(n− 3)
4(n− 1)(n− 2)
p2a
an−2
+
α(n− 1)NpT
a(n−1)α + 1
,
T˙ =
∂(NH)
∂pT
=
N
a(n−1)α
, p˙T = −∂(NH)
∂T
= 0.
(22)
By the super-Hamiltonian constraint we have
pa = −2
√
(n− 1)(n− 2)pTa−[(n−1)α−(n−3)]/2, (23)
where we chose the negative sign in order to have an expanding universe [17]. Therefore, in the cosmic gauge N = 1
the equation for a(t) reads
a˙ = a−[(n−1)α+(n−3)]/2
√
pT
(n− 1)(n− 2) , (24)
whose solution is
a(n−1)(1+α)/2 = a(n−1)(1+α)/20 +
√
pT
4(n− 1)(n− 2)(n− 1)(1 + α)(t− t0), (25)
where a0 is the present value of the scale factor. Hence
a(t) =
[
a
(n−1)(1+α)/2
0 +
√
pT
4(n− 1)(n− 2)(n− 1)(1 + α)(t− t0)
] 2
(n−1)(1+α)
, (26)
and by a suitable redefinition of time we have
a(t) ∝ t 2(n−1)(1+α) (27)
just like Eq. (9), fact that validates our assumptions.
In Fig. 1 we show the behavior of the scale factor for n = 4, 10, 20 and 40 in the radiation-dominated era α =
1/(n− 1). We see that as n→∞ the universe tends to a static universe.
III. WHEELER-DEWITT EQUATION FOR THE FLAT N-DIMENSIONAL FLRW UNIVERSE WITH A
PERFECT FLUID
By following the Dirac approach [18] for quantization of Hamiltonian systems with constraints, making the substi-
tutions
pa → −i ∂
∂a
, pT = −i ∂
∂T
(28)
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FIG. 1: The scale factor for n = 4, 10, 20 and 40 (for α = 1/(n− 1)). We note that the big-bang is still present.
and demanding
HΨ = 0, (29)
where Ψ is the wave function of the universe, we have
a(n−1)α−(n−3)
4(n− 1)(n− 2)
∂2Ψ
∂a2
+ i
∂Ψ
∂t
= 0, (30)
with t = −T being the time coordinate in the conformal gauge N = a(n−1)α [see Eq. (22)].
This equation has the form of a Schrödinger equation i∂Ψ∂t = HˆΨ with
Hˆ = − a
(n−1)α−(n−3)
4(n− 1)(n− 2)
∂2
∂a2
. (31)
In order to ensure self-adjointness of the operator Hˆ above, the inner product between two state equations is defined
by [11]
〈Φ,Ψ〉 =
∫ ∞
0
a(n−3)−(n−1)αΦ∗Ψda. (32)
Moreover, boundary conditions near a = 0 on the wave function must be imposed. The most common ones are
Ψ(0, t) = 0 (Dirichlet boundary condition), (33a)
∂Ψ
∂a
∣∣∣∣
a=0
= 0 (Neumann boundary condition). (33b)
In the course of the paper we will choose for simplicity the Dirichlet boundary condition. Let us now solve Eq. (30).
By a separation of variables of the form Ψ(a, t) = e−iEtψ(a) we have
ψ′′(a) + 4E(n− 1)(n− 2)a[(n−3)−(n−1)α]ψ(a) = 0. (34)
The solution of the above equation, respecting the Dirichlet boundary condition, is given by [19]
ψE(a) = a
1/2J 1
(n−1)(1−α)
(
4
√
E
(1− α)
√
n− 2
n− 1a
(n−1)(1−α)
2
)
, (35)
6where Jν(x) is the Bessel function of order ν. Note that this solution is valid only for α 6= 1. For α = 1, solution
of Eq. (34) is given by a
1±
√
1−16E(n−1)(n−2)
2 , which diverge either at a = 0 or a = ∞ (note that E is a variable to be
integrated in order to find wave packets representing the wave function of the universe).
From these stationary states we can find finite norm wave packets by superposing states of the form [10]
Ψ(a, t) = a1/2
∫ ∞
0
dEA(E)e−iEtJ 1
(n−1)(1−α)
(
4
√
E
(1− α)
√
n− 2
n− 1a
(n−1)(1−α)
2
)
. (36)
Defining u =
√
E we have
Ψ(a, t) = 2a1/2
∫ ∞
0
duA(u)ue−itu
2
J 1
(n−1)(1−α)
(
4u
(1− α)
√
n− 2
n− 1a
(n−1)(1−α)
2
)
. (37)
Let us take a quasi-Gaussian superposition factor A(u) = u
1
(n−1)(1−α) e−γu
2
/2. We have
Ψ(a, t) = 2a1/2
∫ ∞
0
duu
1
(n−1)(1−α)+1e−(γ+it)u
2
J 1
(n−1)(1−α)
(
4u
(1− α)
√
n− 2
n− 1a
(n−1)(1−α)
2
)
. (38)
Now we use the following relation [20]∫ ∞
0
xν+1e−αu
2
Jν(βx)dx =
βν
(2α)ν+1
exp
(
−β
2
4α
)
(39)
to obtain
Ψ(a, t) =
[
4
(1−α)
√
n−2
n−1
] 1
(n−1)(1−α)
[2(γ + it)]
1+(n−1)(1−α)
(n−1)(1−α)
a exp
[
− 4
(1− α)2(γ + it)
(
n− 2
n− 1
)
a(n−1)(1−α)
]
=
const.
[2(γ + it)]
(n−1)(1−α)+1
(n−1)(1−α)
a exp
[
− 4γ
(1− α)2
(
n− 2
n− 1
)
a(n−1)(1−α)
γ2 + t2
]
exp
[
4it
(1− α)2
(
n− 2
n− 1
)
a(n−1)(1−α)
γ2 + t2
]
.
(40)
By adopting the many-worlds interpretation of quantum mechanics, we can calculate the expectation value of the
scale factor
〈a〉 (t) = 〈Ψ |a|Ψ〉〈Ψ|Ψ〉 =
∫∞
0
a(n−3)−(n−1)αΨ∗(a, t)aΨ(a, t)da∫∞
0
a(n−3)−(n−1)αΨ∗(a, t)Ψ(a, t)da
. (41)
Therefore
〈a〉 (t) ∝ 1
(γ2 + t2)
1+(n−1)(1−α)
(n−1)(1−α)
∫ ∞
0
a(n−3)−(n−1)αa3 exp
[
− 8γ
(1− α)2
(
n− 2
n− 1
)
a(n−1)(1−α)
γ2 + t2
]
. (42)
The identity [20] ∫ ∞
0
xν−1e−µx
p
=
1
p
µ−
ν
pΓ
(
ν
p
)
(43)
gives us
〈a〉 (t) ∝ 1
(γ2 + t2)
1+(n−1)(1−α)
(n−1)(1−α)
1
(γ2 + t2)
−(n+1)+(n−1)α
(n−1)(1−α)
= (γ2 + t2)
1
(n−1)(1−α) . (44)
Note that 〈a〉 (t) 6= 0 for all t so that the big-bang singularity is eliminated with the introduction of quantum
cosmology. Note also that 〈a〉 (t) goes asymptotically as 〈a〉 (t) ∝ t 2(n−1)(1−α) . Let us see that in the cosmic time 〈a〉 (t)
7mimics Eq. (9) in the classical limit t → ∞. To do this we remember that we are working in the conformal gauge
N = a(n−1)α. Therefore,
N(t)dt = dτ, (45)
where τ is the cosmic time. Hence
a(n−1)αdt = dτ ⇒ t 2(n−1)α(n−1)(1−α) dt = dτ ⇒ t 1+α1−α ∝ τ ⇒ t ∝ τ 1−α1+α (46)
and
〈a〉 (t)→ t 2(n−1)(1−α) ∝ τ 2(n−1)(1+α) . (47)
We see that in the classical limit, where quantum effects become negligible, the quantum scale factor reproduces
the classical one as expected.
We can also calculate the scale factor through the de Broglie-Bohm interpretation of quantum mechanics. In order
to use the de Broglie-Bohm interpretation, we need to write the wave function of the universe in its polar form
Ψ = ΘeiS . (48)
In our case
Θ = g(t)a exp
[
− 4γ
(1− α)2
(
n− 2
n− 1
)
a(n−1)(1−α)
γ2 + t2
]
,
S =
4t
(1− α)2
(
n− 2
n− 1
)
a(n−1)(1−α)
γ2 + t2
+ f(t),
(49)
where g(t) and f(t) are complicate functions that will not be necessary in what follows. Now we can calculate the
Bohmian trajectories for the scale factor a(t) by the use of equation [21, 22]
pa =
∂S
∂a
. (50)
Therefore,
2(n− 1)(n− 2)a˙ a
n−3
a(n−1)α
=
4t
(1− α)2
(
n− 2
n− 1
)
(n− 1)(1− α)a
(n−1)(1−α)−1
γ2 + t2
⇒ a˙ = 2t
(n− 1)(1− α)
a
γ2 + t2
, (51)
and the solution of the above equation is
a(t) = a0(γ
2 + t2)
1
(n−1)(1−α) , (52)
where a0 is a constant of integration. We see that both visions of quantum mechanics give us to the same behavior
of the scale factor.
IV. EXAMPLES
In this section we will consider the n-dimensional FLRW universe in the radiation-dominated era. By quantizing the
components of the curvature tensor in the tetrad basis via the de Broglie-Bohm interpretation of quantum mechanics,
we will show that the quantized Ricci scalar is perfect regular for all times t, illustrating the exclusion of the big-
bang singularity with the introduction of quantum cosmology. We will also find the expectation value of the energy
density and pressure and study the behavior of 〈p〉 / 〈ρ〉. Like we did in a previous paper [23] we will show that in
four-dimensions 〈p〉 / 〈ρ〉 → 1/3 in the classical limit. Unexpectedly, in higher dimensions this is not the case, i.e., the
ratio 〈p〉 / 〈ρ〉 does not tend to the classical value, indicating a distinguish behavior for n = 4.
Let us first consider the energy momentum tensor of a perfect fluid in n-dimensions
Tµν = (ρ+ p)UµUν + pgµν . (53)
In order to represent a radiation fluid we must have T = Tµµ = 0. Therefore
T = Tµµ = −ρ+ (n− 1)p = 0. (54)
8Thus, p = 1n−1ρ for radiation.
The non-null components of the Riemman tensor in the natural tetrad basis in n-dimensions are given by
Riˆ
0ˆiˆ0ˆ
= − a¨
a3
+
a˙2
a4
(i = 1, . . . , n− 1), (55a)
Riˆ
jˆiˆjˆ
=
a˙2
a4
(i, j = 1, . . . , n− 1; i 6= j). (55b)
The momentum associated with a in n-dimensions in the conformal gauge N = a is given by [see Eq. (18a)]
pa = 2(n− 1)(n− 2)a˙an−4. (56)
Therefore the components of the Riemann tensor can be related to a and pa by
Riˆ
0ˆiˆ0ˆ
= − p˙a
2(n− 1)(n− 2)an−1 + (n− 3)
p2a
4(n− 1)2(n− 2)2a2n−4 (i = 1, . . . , n− 1), (57a)
Riˆ
jˆiˆjˆ
=
p2a
4(n− 1)2(n− 2)2a2n−4 (i, j = 1, . . . , n− 1; i 6= j). (57b)
Now we promote the components of the curvature tensor to the condition of quantum operators. Then we can take
the local expectation value of each component through the relation [12, 22, 23]
〈
Raˆ
bˆcˆdˆ
〉
L
= Re
(
Ψ∗Rˆaˆ
bˆcˆdˆ
Ψ
Ψ∗Ψ
)
(58)
Since a and pa do not commute, we must choose an ordering factor in order to calculate the local expectation values
of Eqs. (57a) and (57b). We choose the Weyl ordering [24] which is a kind of symmetrization procedure that takes
all possible orders of the a′s and the p′s and then divides the result by the number of terms in the final expression.
In our case we have p2a/a2n−4. For the general case f(a)p2a, Weyl ordering gives us
(f(a)pˆ2a)W =
1
4
[
f(a)pˆ2a + 2pˆaf(a)pˆa + pˆ
2
af(a)
]
. (59)
With the aid of the following commutators,
[am, pˆa] = ima
m−1[
am, pˆ2a
]
= 2imam−1pˆa +m(m− 1)am−2,
(60)
we can put powers of pa at the right of powers of a in Eq. (59), obtaining(
pˆ2a
a2n−4
)
W
= a2n−4pˆ2a + i(2n− 4)a2n−3pˆa −
(2n− 4)(2n− 3)
4a2n−2
. (61)
Therefore the local expectation value of the operator pˆ2a/a2n−4 is given by〈
p2a
a2n−4
〉
L
= Re
[
Ψ∗
(
pˆ2a/a
2n−4)
W
Ψ
Ψ∗Ψ
]
= − 1
a2n−4Θ
∂2Θ
∂a2
+
1
a2n−4
(
∂S
∂a
)2
+
2n− 4
a2n−3Θ
∂Θ
∂a
− (2n− 4)(2n− 3)
4a2n−2
, (62)
where Ψ = ΘeiS .
The time rate of the momentum p˙a can be found through the equation [22]
p˙a = −∂Q
∂a
, (63)
where Q is the quantum mechanical potential [21] [see Eq. (30)]
Q = − 1
4(n− 1)(n− 2)an−4
1
Θ
∂2Θ
∂a2
. (64)
9Substituting Eq. (49) with α = 1/(n− 1) into the above equation we have
Q =
n− 1
n− 2
γ
γ2 + t2
− 4γ
2
(γ2 + t2)2
n− 1
n− 2a
n−2 (65)
which implies
p˙a =
4γ2(n− 1)
(γ2 + t2)2
an−3. (66)
Substituting Eq. (49) with α = 1/(n− 1) into Eq. (62) we have〈
p2a
a2n−4
〉
L
=− 1
a2n−3
{
−4γ(n− 1)
2
γ2 + t2
an−3 +
[
4γ(n− 1)
γ2 + t2
]2
a2n−5
}
+
1
a2n−4
[
4t(n− 1)
γ2 + t2
an−3
]2
+
2n− 4
a2n−2
[
1− 4γ(n− 1)
γ2 + t2
an−2
]
− (2n− 4)(2n− 3)
4a2n−2
.
(67)
Therefore 〈
Riˆ
0ˆiˆ0ˆ
〉
L
= − 2γ
2
(γ2 + t2)2
1
n− 2
1
a2
+
n− 3
4(n− 1)2(n− 2)2
〈
p2a
a2n−4
〉
L〈
Riˆ
jˆiˆjˆ
〉
L
=
1
4(n− 1)2(n− 2)2
〈
p2a
a2n−4
〉
L
.
(68)
The Ricci scalar is given in terms of the components of the curvature tensor in the tetrad basis by
〈R〉L = −2(n− 1)
〈
Riˆ
0ˆiˆ0ˆ
〉
L
+ (n− 1)(n− 2)
〈
Riˆ
jˆiˆjˆ
〉
L
. (69)
Let us now present some graphics relating the dimension of the FLRW universe. We start with the graphic of the
scale factor in the de Broglie-Bohm interpretation of quantum mechanics, Fig. 2 (remember that the scale factor in
the many-worlds and in the de Broglie-Bohm interpretation differs only by an overall constant factor). For α = 1n−1
the scale factor behaves as [see Eq. (52)]
a(t) = a0(γ
2 + t2)
1
n−2 (70)
in the conformal gauge. Note that for n → ∞ the scale factor approaches the constant a(t) = a0 and that the
expansion is slower as n grows up.
The graphic for the local expectation value of the Ricci scalar, which is perfectly regular for all n, is shown in Fig.
3.
With the components of the Riemann curvature tensor in the tetrad basis we can find the energy density and
pressure of the fluid filling the universe through the Einstein equations
Tαβ =
1
kn
(
Rαβ −
1
2
δαβR
)
= diag(−ρ, p, . . . , p). (71)
Therefore
ρ =
1
kn
[
(n− 1)(n− 2)
2
Riˆ
jˆiˆjˆ
]
p =
1
kn
[
(n− 2)Riˆ
0ˆiˆ0ˆ
− (n− 2)(n− 3)
2
Riˆ
jˆiˆjˆ
]
,
(72)
and we can plot the ratio 〈p〉 / 〈ρ〉 as shown in Fig. 4. Wee see that in the classical limit, where quantum effects
become negligible, 〈p〉 / 〈ρ〉 → 1/3 in four-dimensions as expected. For other dimensions 〈p〉 / 〈ρ〉 does not tend to the
classical limit and we can also see that as n → ∞, 〈p〉 / 〈ρ〉 → 1. In this sense four-dimensions are privileged among
the others. The introduction of quantum cosmology in four-dimensions reproduces the classical behavior of the fluid.
We can also study the behavior of the quantity κn[〈ρ〉L+(n−1) 〈p〉L], which comes from the strong energy condition.
We see in Fig. 5 that the strong energy condition, which demands that ρ+ (n− 1)p ≥ 0, is violated for small t. This
is expected since the singularities have been removed. But note that for large t the quantity ρ + (n − 1)p is greater
than zero, returning to the classical behavior.
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FIG. 2: The Bohmian trajectory of the scale factor for n = 4, 10, 20, 40 and 80, for a0 = γ = 1. The expansion of the universe
slower as n grows up and as n→∞ we approach a static universe.
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FIG. 3: The local expectation value of the Ricci scalar R(t) for n = 4, 10, 20, 40 (a0 = γ = 1). They are perfectly regular for
all values of t indicating that the singularity is excluded by the introduction of quantum cosmology.
V. CONCLUSIONS
The time dependence of the scale factor in and n-dimensional FLRW universe with a perfect fluid was found by two
different ways. By solving Einstein equations and via Hamiltonian formalism, where we extended Schutz formalism to
dimensions other than four. By comparing both results we could test the validity of this extrapolation. We then found
that the big-bang singularity is still present in the n-dimensional FLRW universe. By solving the Wheeler-deWitt
equation for the universe, we obtained by the superposition principle a finite norm wave packet for the universe
and we could find the expectation value, in the many-worlds interpretation, and the trajectory in de Broglie-Bohm
interpretation, of the scale factor and discovered that the big-bang singularity is removed with the introduction of
quantum cosmology.
By quantizing the independent components of the curvature tensor in the tetrad basis, we showed graphically that
the local expectation value of the Ricci scalar is well behaved for all time, giving one more indication that the big-bang
singularity has been removed. We also studied the quantum behavior of the ratio p/ρ and showed that this ratio tends
11
n = 4
n = 40
n
0 1 2 3 4 5
-2
-1
0
1
2
3
4
t
p
Ht
L
Ρ
Ht
L
FIG. 4: The ratio 〈p〉L / 〈ρ〉L for n = 4, 10, 20,40 and a0 = γ = 1. In four dimensions the classical behavior of the fluid is
recovered while n→∞ 〈p〉L / 〈ρ〉L → 1.
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FIG. 5: The graphic of κn[〈ρ〉L + (n − 1) 〈p〉L] for n = 4, 10, 20 and 40 . We see that the strong energy condition is violated
when t is small and returns to which is classically expected as t gets bigger.
to the classical limit when t→∞ only in four-dimensions. This indicates that, in a certain way, four dimensions are
single out from the view point of the quantum cosmology since we recover classical quantities as the quantum behavior
becomes negligible. We also showed that for any dimension the strong energy condition is violated as expected since
we do not have singularities.
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